INTRODUCTION
In process monitoring, we often deal with two or more related variables [1] . An individual might have a false understanding that by applying univariate control charts to each of the variables, instead of a multivariate chart, the same results can be obtained. Previous studies have shown that using separate univariate charts are not only inefficient and time consuming, but they also lead to misleading or erroneous conclusions. Multivariate statistical quality control charts which consider different variables simultaneously are required [2] .
Three common types of multivariate control charts are the Hotelling's 2 T , multivariate exponentially weighted moving average (MEWMA) and multivariate cumulative sum (MCUSUM) charts. The Hotelling's 2 T chart is the most common multivariate process monitoring procedure in controlling the mean vector of a process. This control chart is actually an analog of the univariate Shewhart mean chart [2] . The MEWMA chart has been developed to overcome the disadvantages of the Hotelling's 2 T chart, such as its insensitivity to small and moderate shifts. A MEWMA chart is a logical extension of the univariate EWMA chart. Like MEWMA, the MCUSUM chart is also a useful chart in detecting small shifts. There are two versions of the MCUSUM charts, namely the MCUSUM#1 (MC1) chart and the MCUSUM#2 (MC2) chart. Pignatiello and Runger [2] stated that comparatively for both MC1 and MC2 charts, the MC1 chart seems to be more efficient in detecting small shifts than the MC2 chart. As for the MC2 chart, it appears to be more efficient in detecting large shifts compared to the MC1 chart.
The multivariate charts that are mentioned above are confined to multivariate normal populations. However, the normality assumption is found to be difficult to justify and is often violated [3] .
Chang and Bai [3] proposed a heuristic method for constructing the multivariate 2 T control chart for skewed populations. Chang [4] also suggested a heuristic method of constructing the MEWMA and MCUSUM charts for skewed distributions.
The layout of this paper is as follows: Section 2 explains the weighted standard deviation method, Sections 3, 4 and 5 discuss the WSD 2 T chart, WSD MEWMA chart and WSD MCUSUM chart, respectively. Section 6 compares the performances of the three types of multivariate charts for skewed distributions. Conclusions are drawn in Section 7. 
where σ j is the standard deviation of j X and ρ ij is the correlation coefficient of i X and j X .
The WSD method works by adjusting the variancecovariance matrix. Hence, the variance-covariance matrix of the 2 v multivariate normal distributions for the approximation is [3] ( ) ( ) ( )
where
Note that
This means that if a skewed distribution is found to be skewed to the right, then 1 2
However, the correlation matrix
does not change.
THE WSD T 2 CHART
Chang and Bai [3] 
where 
THE WSD MEWMA CHART
The performance of the MEWMA chart for skewed populations can be improved by applying the WSD method. The WSD MEWMA statistic is defined as [4] :
where i = 1, 2, … and 0
Z follows a multivariate normal distribution with mean vector 0 and variance-covariance matrix, ρ approximately, then the asymptotic variance-covariance matrix of
which is the same as that of the standard MEWMA statistic. Hence, when the charting statistic exceeds E h , that is
the WSD MEWMA chart issues an out-of-control signal. When the distribution is symmetric, the proposed WSD MEWMA chart reduces to the standard MEWMA chart [4] .
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THE WSD MCUSUM CHART
The WSD MCUSUM chart modifies the MCUSUM charting statistic with the degree and direction of the skewness. Based on the WSD method, the sample observations are first standardized as
W Z , of which the jth element is defined as [4] ( )
Note that W Z follows a multivariate normal distribution, approximately. The cumulative statistic at i is defined as
where the length of
, and
S is the cumulative sum at i. The size of the mean shift
d µ is also modified according to the adjusted variancecovariance matrix, using the WSD method as follows:
be the reference value. Chang [4] mentioned that when S is defined as [4] ( )
exceeds C h , the WSD MCUSUM chart will issue an out-of-control alarm. Here, C h is determined based on a desired in-control ARL. When the distribution is symmetric, the proposed WSD MCUSUM chart reduces to the MCUSUM chart [4] .
A COMPARISON OF THE PERFORMANCES OF THREE TYPES OF MULTIVARIATE CHARTS FOR SKEWED DISTRIBUTIONS
This section compares the performances of three different types of multivariate control charts for skewed distributions, namely the WSD 2 T , WSD MEWMA and WSD MCUSUM charts. The skewed distributions considered are the lognormal, gamma and Weibull distributions. The Statistical Analysis System (SAS) version 9 is used to conduct the simulation studies of the charts based on the bivariate case, which involves two quality characteristics (p = 2).
In general, all the three bivariate WSD charts for skewed distributions are compared based on the skewness coefficients of ( ) ( ) ( ) ( ) ( ) ( ) ( ) From the simulation results in Tables 1 -3 , it is found that the false alarm rates for all the three types of the bivariate WSD charts, based on the bivariate lognormal, gamma and Weibull distributions increase as the level of skewness increases. For example, the false alarm rate for
is higher than that of ( ) ( )
Note that for all three types of the bivariate WSD charts, based on gamma distribution (see Tables 1 -3 ), the symbol "*" is used to represent the false alarm rate that cannot be computed by SAS as there exists a negative value in the shape parameter of the gamma distribution.
The results in Table 1 shows that the false alarm rate of the WSD 2 T chart decreases as the sample size increases. In contrast, the results in Tables 2 and 3 show that, generally, the false alarm rates of the WSD MEWMA and WSD MCUSUM charts increase with the sample size.
In general, the WSD MCUSUM chart has the lowest false alarm rate while the WSD 2 T chart has the highest, when the same level of skewness, sample size and underlying distribution are considered. 
| 25 |

CONCLUSION
In statistical quality control, the assumption that the underlying distribution is normal is usually made. However, this leads to erroneous conclusion if the normality assumption is violated. In practice, many processes come from skewed populations with multivariable or quality characteristics. In this paper, three multivariate control charts for skewed populations, namely the Hotelling's 2 T , MCUSUM and MEWMA charts using the weighted standard deviation (WSD) method, based on the bivariate lognormal, gamma and Weibull distributions are considered. The false alarm rates of the charts computed using the SAS program are compared, for various levels of skewness and sample sizes. The WSD MCUSUM chart is found to have the lowest false alarm rate for the various levels of skewness considered. This study helps practitioners in deciding the type of chart to be used in process monitoring.
